An analytical technique based on the method of undetermined coefficients is applied to the problem of computing the theoretical spectral estimate by the maximum entropy method (MEM) when the autocorrelation function of the data is known exactly and corresponds to N sinusoids in additive white noise and to N sinusoids in additive l-pole, low-pass noise. For the white noise case, the L prediction filter coefficients are expanded directly in terms of the input sinusoids. This expansion leads to a transformation of the L x L normal equations for the prediction filter coefficients to a set of 2N x 2N equations. The transformed equations are a smaller set of equations to be solved whenever L > 2N and provide a convenient description of the interaction between the various frequency components of the sinusoids which occurs in the MEM estimate. Further. for certain cases where there is little interaction between some of the fre-
INTRODUCTION
The maximum entropy method (MEM) of spectral analysis. which was originally proposed by Burg (1967 Burg ( , 1975 , has been widely applied in geophysical data processing. The correspondence between MEM and linear prediction filtering, as discussed by van den Bos (1971) . has allowed the application of a large body of literature on autoregressive (AR) time series analysis to MEM. Ulrych and Bishop (1975) and Ulrych and Clayton (1976) give a thorough review and discussion of MEM and AR analysis.
An important application of MEM is to the spectrum analysis of data containing multiple sinusoids in noise. Even though the proper time series model for this case is not an AR model (as will be discussed in more detail in the next sections), MEM can still provide excellent sinusoid resolution (especially for large signal-to-noise ratios). The improved resolution ofquency components of the sinusoid{, the solution of the 2N x 2N equations may be approximated (to zeroth order) by the solution of a smaller set of coupled equations. A better approximation to the exact solution of the 2N x N equations can then be obtained from a perturbation expansion of the exact solution about the zeroth order approximation.
For the case of N sinusoids in I-pole, low-pass noise, the L prediction filter coefficients are expanded in terms of the input sinusoids as \+cll as two delta functions which occur at the beginning and end of the filter. This expansion also leads to a set of 2N X ZN equations. For this case the values ot the MEM estimate evaluated at the frequencies of the sinusoids are shown to be a function of the frequencies of the sinusoils This result is reasonable since the signal-tonoise ratio per unit bandwidth is al\o a function of frequency.
fered by MEM over the more conventional Fourier spectral estimation methods for thi\ case has been well documented in the literature (e.g., Ulrych, 1972: Ulrych and Bishop, 1975 of the inverse identity provides little insight into the interaction between the positive and negative frequency components of the sinusoids which occurs in the MEM estimate (Marple, 1976) . In this paper an alternative approach based on the method of undetermined coefficients will be used to compute the theoretical MEM spectral estimate when the autocorrelation function of the data is known exactly and corresponds to multiple sinusoids in white noise and to multiple sinusoids in I -pole low-pass noise. It will be shown that the method of undetermined coefhcients provides a convenient description of the interaction between the various frequency components of the sinusoids which occurs in the theoretical MEM estimate. Further. useful approximations for the theoretical MEM spectral estimate may be obtained for cases in which the interaction between certain sinusoidal frequency components is small but not negligible. For the case of l-pole low-pass noise, it will be shown that the MEM spectral resolution is a function of the frequency and becomes worse in the spectral regions where the noise power increases. (4) 
It is noted that the net effect of the method of undetermined coefficients is to transform the original L x L equations [equation (4)] to the set of 2N X 2N equations [equation (7)]. This transformation yields a smaller set of equations to be solved whenever L > 2N.
Equations (6) 
Equation (18) As a specific example, consider the case of two sinusoids in white noise in which there is little interaction between the positive and negative frequency components of the sinusoids, but there is appreciable interaction between the two positive frequencies (and, therefore, the two negative frequencies). For this case, the 8 coefficients y 13, Y31, Y41r Yl4, Y23, Y32~ yzl, and y4* may be neglected in zeroth order, and, therefore, A(O) is obtained by solving the two independent sets of 2 x 2 equations involving only the nonnegligible coefficients y,*, yZ1, ycll, and yla. f, E 11 -&2rjf.   . (A:"' 4,,(f, -f)  + A:")4,,(f2 -f) )l-' . (22). It should be noted that such approximations to Q(f) which include the interaction between the positive and negative frequencies would be difficult to obtain using Woodbury' s identity. This is because the identity would have to be applied to both the positive and negative frequencies and would result in a complicated expression for Q (f) which w~ould provide little insight into the interaction between the various frequency components of the sinusoids.
From equations (18) and (19). it is straightforward to obtain approximations for Q(f). To zeroth order, Q(f) is given by Q(f) 2-Q(O)(
As a numerical example to illustrate the difference between the approximations for Q(f) given by (20) and (22) 
where, as in equation (6) 
Equation (31) is similar in structure to (7) and becomes identical to (7) 
Equation (39) is the expression corresponding to the power spectral density of the I -pole, low-pass noise. Therefore, from equations (38) and (39) it is seen that S(f) provides an increasingly accurate pointwise approximation to the background noise spectrum as well as precise sinusoid resolution capabilities as L -+ 0~. However, as noted in the previous section, this only applies when the sampled autocorrelation function is known exactly.
CONCLUSIONS
In this paper, the theoretical MEM spectral estimate of multiple sinusoids in noise has been examined by the method of undetermined coefficients. For the case of sinusoids in white noise, the prediction filter coefficients were expanded directly in terms of the input sinusoids [equation (6) The results derived in this papel-give a further understanding of the MEM spectral estimate of sinusoils in noise when the autocorrelation function is estimated from the data. As the variance in the estimates of the autocorrelation function becomes appreciable, deviations in the MEM spectral estimate will begin to appear, especially at its peahs (e.g., Lacoss, I97 I ; Baggeroer, 1976) .
